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In order to investigate distributed quantum computation under restricted network resources, we
introduce a quantum computation task over the butterfly network where both quantum and classical
communications are limited. We consider deterministically performing a two-qubit global unitary
operation on two unknown inputs given at different nodes, with outputs at two distinct nodes. By
using a particular resource setting introduced by M. Hayashi [Phys. Rev. A 76, 040301(R) (2007)],
which is capable of performing a swap operation by adding two maximally entangled qubits (ebits)
between the two input nodes, we show that unitary operations can be performed without adding any
entanglement resource, if and only if the unitary operations are locally unitary equivalent to con-
trolled unitary operations. Our protocol is optimal in the sense that the unitary operations cannot
be implemented if we relax the specifications of any of the channels. We also construct protocols for
performing controlled traceless unitary operations with a 1-ebit resource and for performing global
Clifford operations with a 2-ebit resource.
PACS numbers: 03.67.Ac, 03.67.Hk, 03.67.-a
I. INTRODUCTION
Distributed quantum computation aims to perform a
large-scale quantum computation using a collection of
smaller scale quantum computers connected by commu-
nication channels. There are several distributed quan-
tum computation architectures proposed for different
purposes [2]. In general, distributed computation can
be modeled by a combination of computation at each
node and communication between the nodes, for both
the quantum and classical cases. For distributed quan-
tum computation, initially shared entanglement among
the nodes can be used as a resource, as well as quantum
and classical communication channels. The amount of
communication between the nodes required to perform
quantum computation tasks has been analyzed by quan-
tum communication complexity theory [3].
As the “distributedness” of a quantum computation in-
creases, the scale (i.e., the number of qubits) of the quan-
tum computer at each node decreases, while the number
of nodes increases. The communication resources (quan-
tum channels, classical channels, and shared entangle-
ment) form an increasingly large network and the amount
of communication required grows. In any such large net-
work, one will inevitably be faced with a bottleneck prob-
lem, where communication capacities in some region are
lower than that required by a straightforward implemen-
tation of the protocol. This bottleneck restricts the total
performance of communication. In network information
theory, this problem has been extensively studied for the
last decade or so under the name network source coding
[4]. Although solving general network problems is diffi-
cult, a solution of the 2-pair communication (communi-
cations of two disjoint sender-receiver pairs) bottleneck
problem is known for a simple directed network called
the butterfly network [5] (shown in Fig. 1) in the classical
case.
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FIG. 1. The butterfly network (drawn horizontally). The
2-pair communication problem aims to transmit information
(bit or qubits) from A1 to B2 and from A2 to B1 concurrently
via nodes C1 and C2. The directed edges D1, D2, E1, E2, F ,
G1 and G2 denote communication channels. The channel F
exhibits the bottleneck.
In the quantum case, where the no-cloning theorem
holds, the method used in the classical case cannot be ap-
plied directly, since it involves cloning inputs. Neverthe-
less, in [6], it is shown that efficient network source coding
on the quantum butterfly network, where edges represent
1-qubit quantum channels, is possible for transmitting
approximated states. Asymptotic rates of high fidelity
quantum communication have been obtained for various
networks including the butterfly network with and with-
out additional entanglement [7]. In [1], it is shown that
perfect quantum 2-pair communication over the butter-
fly network is possible if we add two maximally entangled
qubits (ebits) between the inputs and allow each channel
(edge) to use either 1 qubit of communication or 2 (clas-
sical) bits of communication. Recently it has been shown
that if we allow free classical communication between all
nodes, perfect 2-pair communication over the butterfly
network is possible without additional resources [8].
In this paper, we investigate the performance of effi-
cient distributed quantum computation over such bot-
tlenecked networks where both quantum and classical
communication is restricted. We combine both quan-
tum computation, namely, performing a gate operation
2on inputs, and network communication, namely, sending
outputs, in a single task. The task we consider is to deter-
ministically implement a global unitary operation on two
inputs at distant nodes and obtain two outputs at dis-
tinct nodes connected by the particular butterfly network
introduced by Hayashi [1]. We show that unitary opera-
tions can be performed without adding any entanglement
resource, if and only if the unitary operations are locally
unitary equivalent to controlled unitary operations, by
constructing a protocol for sufficiency and analyzing en-
tangling capability of the butterfly network for necessity.
Further, we prove that our protocol is optimal in terms
of resource usage. We also present constructions of pro-
tocols for performing controlled traceless unitary oper-
ations with a 1-ebit resource and for performing global
Clifford operations with a 2-ebit resource.
The rest of the paper is organized as follows. In Sec. II,
we introduce our task of implementing a global unitary
operation over a network, and review Hayashi’s proto-
col [1] in the context of implementing a swap operation.
We give protocols for implementing controlled unitary
operations with zero ebits of entanglement resource in
Sec. III, controlled traceless operations with one ebit in
Sec. IV, and arbitrary Clifford operations with two ebits
in Sec. V. In Sec. VI we prove that the butterfly network
alone can create an entangled state with a Schmidt num-
ber of at most 2, and so any operation other than those
locally unitary equivalent to a controlled unitary requires
a nonzero entanglement resource for implementation. We
show that our protocol is optimal in terms of resource us-
age in Sec. VII. Sec.s III, VI and VII respectively prove
sufficient conditions, necessary conditions, and optimal-
ity of the protocol as our main results. In Sec. VIII, a
summary and discussions are presented.
II. IMPLEMENTATION OF A SWAP
OPERATION
In this section, we introduce our task of quantum com-
putation over a network, and review Hayashi’s protocol
[1] for 2-pair communication in the context of this task,
namely, implementation of a swap operation over the but-
terfly network.
We consider qubit Hilbert spaces and denote the com-
putational basis of a qubit as {|0〉, |1〉}. We say that
a two-qubitunitary operation U is implementable over a
network, if we can obtain a joint output state U |ψ〉 of
qubits at the nodes B1 and B2 for any input state |ψ〉 of
two qubits, one at the node A1 and another at the node
A2, by performing general operations including measure-
ments at each node and communicating qubit and bit
information through channels specified by edges. In this
paper, we mainly investigate the case where the input
state is separable and denoted by |ψ〉 = |ψ1〉⊗|ψ2〉. Triv-
ially, if the unitary operation is a tensor product of local
unitary operations, it is implementable over any network.
In Hayashi’s protocol [1] for 2-pair communication, a
special butterfly network is described by the nodes A1,
A2, B1, B2, C1 and C2, and edgesD1, D2, E1, E2, F , G1,
and G2 shown in Fig. 1. An additional entanglement re-
source of 2 ebits is shared between the nodes A1 and A2.
The defining characteristic of the butterfly network in
Hayashi’s protocol is that each edge can be chosen to be a
single-use one way channel with either one qubit quantum
capacity or two bit classical capacity. Although a quan-
tum channel of single-qubit capacity can send a single-
bit of classical information, it cannot faithfully send two
bits of information. On the other hand, a classical chan-
nel cannot faithfully send single-qubit information either.
Thus, the single-qubit quantum and 2-bit classical chan-
nels are mutually inequivalent resources. Note that su-
perdense coding [10] implies that a single-qubit quantum
channel and shared 1-ebit entanglement together have
the capacity of 2-bit classical channel, and teleportation
shows that a 2-bit classical channel and shared 1-ebit en-
tanglement together have the capacity of a single-qubit
quantum channel, however here those ebit resources are
not available.
The 2-pair communication can be regarded as perform-
ing a distributed swap operation over the butterfly net-
work, where two arbitrary quantum inputs |ψ1〉 and |ψ2〉
at the nodes A1 and A2, respectively, are transferred to
the nodes B2 and B1, respectively. By denoting the input
qubits at the nodes A1 and A2 by qA1 and qA2 , and the
output qubits at the node B1 and B2 by qB1 and qB2 ,
respectively, we can write this as a distributed compu-
tation Uswap|ψ1〉qA1 |ψ2〉qA2 = |ψ2〉qB1 |ψ1〉qB2 . We denote
the qubits of the shared ebits at the node A1 by h1,1 and
h1,2, while those at the node A2 by h2,1 and h2,2, see
Fig. 2. The qubits hi,1 and hi,2 for i = 1, 2 are both in
the maximally entangled two-qubit state
|Φ+〉 = (|00〉+ |11〉)/
√
2. (1)
For this protocol, channels E1 and E2 are one qubit quan-
tum channels, while all others are two-bit classical chan-
nels.
The protocol is as follows:
1. At the node A1, perform a Bell measurement on
input qubit qA1 and h1,1 while at the node A2, per-
form a Bell measurement on the other input qubit
qA2 and h2,2. Let i, j be the two bits of classical
information given by the measurement result at A1
and k, l as that at A2. Now X
iZj and XkZ l cor-
respond to the combination of Pauli X and Z cor-
rections for quantum teleportation [11] associated
with each measurement.
2. At A1, apply X
iZj to h1,2 while at A2, apply X
kZ l
to h2,1.
3. Send qubit h1,2 from A1 to B1 through the quan-
tum side channel E1 and qubit h2,1 from A2 to B2
through the quantum side channel E2. Send i, j
from A1 to C1 and k, l from A2 to C1 via the two-
bit classical channels D1 and D2 respectively.
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FIG. 2. Upper figure: The quantum circuit for implement-
ing a swap operation on the first qubit and the sixth qubit.
Each shaded block indicates operations at a node. H denotes
a Hadamard operation, and detectors denote Bell measure-
ments in the computational basis. The dotted line represents
a controlled operation depending on the measurement out-
come. Lower figure: The butterfly network corresponding
to the quantum circuit above, showing the amount of com-
munication required in the protocol. The solid line denotes
a single-qubit channel, and the thin dotted line a single-bit
channel.
4. At C1, compute i + k, j + l (mod 2). Then send
i+ k, j + l to the node C2 via the two-bit classical
channel F .
5. Distribute i+k, j+ l from C2 to B1 and B2 via the
two-bit classical channels G1 and G2, respectively.
6. At the node B1, apply the Pauli corrections
X i+kZj+l on the qubit received from A1 and re-
name the qubit qB1 , and at B2 apply the same op-
eration on the qubit received from A2 and rename
the qubit qB2 .
This protocol can be presented by the quantum cir-
cuit and the butterfly network shown in Fig. 2. In
this circuit, the half circles denote detectors perform-
ing Bell measurements described by a set of projectors
{|Φi,j〉〈Φi,j |}i,j where |Φi,j〉 = ZjX i|Φ+〉, the square
boxes denote single-qubit operations specified by the let-
ters in the boxes, and the dotted line represents a con-
trolled operation depending on the measurement out-
come. Note that the symbol ⊕ at the node C1 denotes
addition of the measurement outcomes modulo 2, it does
not represent a controlled operation with classical infor-
mation at the node C2. On the other hand, the black
circles at the node C2 denote classical control bits for
performing the Pauli operations at the nodes B1 and B2.
In [1], it has been shown that this protocol is opti-
mal even for asymptotic cases, and that two ebits of en-
tanglement are necessary and sufficient for implementing
the swap operation (namely, a 2-pair communication), in
this butterfly network scenario using information theoret-
ical arguments. The swap operation is significant since
it is the most “global” operation in terms of entangling
power [12] and delocalization power [13], compared to
controlled unitary operations. Our work is motivated by
the question of whether or not we can reduce the re-
source requirement by weakening the entangling and de-
localization power of the network-implemented unitary
operations.
III. IMPLEMENTATION OF CONTROLLED
UNITARY OPERATIONS
We consider the deterministic implementation of con-
trolled unitary operations over the butterfly network in
the setting of Hayashi’s protocol, where we can choose a
single-qubit quantum channel or a 2-bit classical channel
for each edge of the network. We denote a controlled
unitary operation by
Cu = |0〉〈0| ⊗ I+ |1〉〈1| ⊗ u (2)
where u is a single-qubit unitary operation. The con-
trolled unitary operations have at most half of the entan-
gling power of the swap operation (which is 2 ebits), and
accordingly they require only half of the resource ebits in
entanglement-assisted local operations and classical com-
munications (LOCC), where similarly, swap requires 2
ebits. Considering this comparison, it is natural to ex-
pect controlled unitary operations to require 1 ebit of en-
tanglement shared between the two input nodes in order
to be implemented over the butterfly network. However,
we discover a protocol implementing any controlled uni-
tary operation over the butterfly network without using
any entanglement resource.
This protocol is based on the implementation of a con-
trolled phase operation Cuθ , where a single-qubit phase
operation uθ is given by
uθ = |0〉〈0|+ eiθ|1〉〈1| (3)
using the quantum circuit shown in the upper figure of
Fig. 3. In order to perform Cuθ over the butterfly net-
work, operations shown in each shaded block are per-
formed at each node in the upper figure of of Fig. 3, and
quantum (classical) information is transmitted between
the nodes using the quantum (classical) communication
specified by the edges shown in the lower figure of Fig. 3.
Any controlled unitary operation is locally unitary
equivalent to a controlled phase operation, namely, we
can write Cu = (v
′
1 ⊗ v′2)Cuθ (v1 ⊗ v2) using appropri-
ate single-qubit unitary operations v1, v2, v
′
1 and v
′
2.
The protocol implementing Cuθ over the butterfly net-
work can be converted to one implementing Cu, where
v1 and v2 are first applied on the input by A1 and A2,
respectively, then the protocol for Cuθ is applied, and fi-
nally v′1 and v
′
2 at the nodes B1 and B2, respectively.
In Sec. VI, we also show necessity, namely that only
controlled unitary operations (and their locally unitary
equivalents) are implementable over Hayashi’s butterfly
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FIG. 3. Upper figure: The quantum circuit for implement-
ing a controlled phase operation on the first qubit and the
fourth qubit. Each shaded block indicates operations at a
node. H denotes a Hadamard operation, and detectors de-
note projective measurements in the computational basis (Z
measurement). The dotted line represents a controlled oper-
ation depending on the measurement outcome. Lower figure:
The butterfly network corresponding to the quantum circuit
above, showing the amount of communication required in the
protocol. The solid line denotes a single-qubit channel, the
thick dotted line denotes a two-bit channel and the thin dot-
ted line a single-bit channel.
network setting without using additional entanglement
resources.
Note that this protocol does not use the full capacity
of the butterfly network at the edges G1 and G2, they
are only used for transmitting 1 bit, instead of the 2-bit
capacity allowed. This extra 1-bit capacity could be used
for another task, e.g., distributing a shared random bit.
It should be also noted that the operations required at
nodes A1, A2, B1 and B2 do not depend on the angle
θ of the controlled phase operation Cuθ . Thus, the dis-
tributed quantum computation Cuθ can be implemented
without revealing the identity of the operation to the
parties at the input and output nodes.
IV. IMPLEMENTATION OF CONTROLLED
TRACELESS UNITARY OPERATIONS
In this section, we consider a situation where one of
the inner channels, say D2, is restricted to a single-bit
classical channel. We find a protocol that implements
a slightly weaker class of controlled unitary operations,
controlled traceless unitaries, over such a restricted but-
terfly network by adding 1 ebit of entanglement shared
between the input nodes A1 and A2. At first sight this
protocol consumes more resources than the protocol pre-
sented in the previous section for implementing a weaker
class of controlled unitary operations, but as it only re-
quires classical communication of 1 bit for the channel
D2, comparison of the resource requirements between
X
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FIG. 4. The quantum circuit for entanglement-assisted LOCC
implementation of a controlled unitary operation Cu pre-
sented in [14]. There are only two nodes; the first two qubits
are at the first node (upper shaded area) while the third and
forth qubits are at the second node (lower shaded area).
these two protocols is not trivial.
This protocol is inspired by the entanglement-assisted
LOCC implementation of controlled unitary operations
Cu [14] shown in Fig. 4. This LOCC implementation re-
quires a 1-ebit entanglement resource and two-way clas-
sical communication (1-bit each way) between the two
distant parties.
However, this LOCC implementation is not directly
implementable over the butterfly network, because in the
latter the classical communication is also restricted. This
incompatibility is shown in the following way, where a
similar argument holds for any node at which the con-
trolled unitary operation Cu appearing in the quantum
circuit is performed; here we will assume that Cu is per-
formed at the node A2. Since no incoming communica-
tion from other nodes is allowed at node A2, the clas-
sically controlled-X operation on the third qubit should
also be performed by A2. Then, the first controlled-NOT
operation must also be performed at A2 from the same
reason. But for implementation over the butterfly net-
work, the first qubit should be given at node A1 by def-
inition, therefore implementation of a general Cu based
on this LOCC implementation scheme is not possible.
Our idea is, by restricting the class of unitary oper-
ations u, to find an alternative quantum circuit to im-
plement Cu on the first and the fourth qubits, where Cu
on the third and fourth qubits is performed at the node
A2 before performing any other controlled operation re-
quired on the third qubit. If the order of Cu on the third
and forth qubit and the (classically controlled) X opera-
tion on the third qubit are changed such that
Cu(X ⊗ I) = (A⊗B)Cu, (4)
where A and B are some single-qubit unitary operations
to compensate, then we arrive at a quantum circuit im-
plementing Cu with the desired property.
We show that Eq. (4) is satisfied if and only if the
unitary operation u is given by a traceless unitary op-
eration (and its locally unitary equivalents). To show
sufficiency, it is easy to see that for a controlled-Z op-
eration Cu = CZ , Eq. (4) is satisfied by taking A = X
and B = Z, namely, CZ (X ⊗ I) = (X ⊗ Z)CZ . Since
any controlled traceless unitary operation Cutl can be
5|ψ1〉
B
A H
Φ
+
utl
A2
C1 C2
B1
B2
Z
|ψ2〉
2-bit
1-qubit
1-bit
1-ebit
A1
A2
C1 C2
B1
B2
FIG. 5. Upper figure: The quantum circuit for implement-
ing a controlled traceless unitary operation Cutl on the first
qubit and the fourth qubit. Lower figure: The butterfly net-
work corresponding to the quantum circuit above, showing
the amount of communication required in the protocol.
written as
Cutl = |00〉〈00|+ |01〉〈01|+ eiθ|10〉〈10| − eiθ|11〉〈11|
= uθ ⊗ I · CZ , (5)
by taking an appropriate basis and using a single-qubit
phase operation uθ defined in Eq. (3), one can implement
any controlled traceless operation.
To show necessity, we first rearrange Eq. (4) as
A⊗B = Cu(X ⊗ I)C†u = |1〉〈0| ⊗ u+ |0〉〈1| ⊗ u†. (6)
By taking partial traces of Eq. (6), the following two
conditions
TrA(A⊗B) = 0 (7)
and
TrB(A⊗B) = (ℜTrBu)X + (ℑTrBu)Y (8)
have to be satisfied. For Eq. (7), the case of B = 0 is
uninteresting, so we consider the case given by TrAA = 0
and denote A’s eigenvalues by ±α. Then B’s eigenvalues
are ±1/α or both 1/α, since the eigenvalues of A ⊗ B
are equal to those of X ⊗ I, which are ±1. The case
when B’s eigenvalues are degenerate is trivial, B is equal
to the identity up to some factor. Otherwise TrBB =
0 and from Eq. (8) we can conclude Tru = 0. Thus,
only controlled traceless unitary operations can satisfy
Eq. (4).
The corresponding quantum circuit for this implemen-
tation of a controlled-traceless operation over the butter-
fly network is shown in the upper part of Fig.5. By per-
forming the operations given in each shaded block at each
node, and transmission of quantum or classical informa-
tion between the nodes specified by the edges shown in
the lower figure of Fig.5, a controlled traceless unitary
operation Cutl is implementable over the butterfly net-
work.
V. IMPLEMENTATION OF CLIFFORD
OPERATIONS
In this section, we construct a protocol for imple-
menting Clifford operations on the butterfly network by
slightly modifying the protocol for the swap operation
Uswap of Sec. II. Here, a Clifford operation UCl is de-
fined as any operation that maps the Pauli group to it-
self, the group of which is known to be generated by a
controlled-NOT operation, a Hadamard operation H , a
phase operation S = |0〉〈0| + i|1〉〈1|, and Pauli opera-
tions. Any two-qubitClifford operation can be written in
the form of UCl · Uswap by an appropriate choice of UCl,
since Uswap also belongs to the Clifford group. Here we
construct a protocol for implementing UCl · Uswap over
the butterfly network.
Suppose that a given Clifford operation UCl satis-
fies UCl(X1 ⊗ I) = (P1 ⊗ P2)UCl and UCl(Z1 ⊗ I) =
(Q1 ⊗ Q2)UCl, where P1, P2, Q1, Q2 represent Pauli
operators. The initial state of the protocol is given by
|ψ1〉qA1 |Φ+〉h1,1h2,1 |ψ2〉qA2 |Φ+〉h2,2h1,2 , using the notation
introduced in Sec. II.
First, perform a Bell measurement on qA1 and h1,1 at
the node A1 and then perform UCl at the node A2 on
h2,1 and qA2 . By denoting the measurement outcomes at
the node A1 to be i, j, the resulting state can be written
as
|Φ˜ij〉qA1h1,1 |ψ˜
ij
12〉h2,1qA2 |Φ+〉h2,2h1,2 , (9)
where the states
|Φ˜ij〉 = (X iZj ⊗ I)|Φ+〉 (10)
and
|ψ˜ij12〉 = (P1 ⊗ P2)i(Q1 ⊗Q2)jUCl|ψ1〉|ψ2〉 (11)
denote the post measurement states corresponding to the
outcome i, j.
Next, perform a second Bell measurement on qA2 and
h2,2 at the node A2 and denote the measurement out-
comes by k, l. This effects a teleportation of |ψ2〉. The
state is now transformed to
|Φ˜ij〉qA1h1,1 |ψ˜
ijkl
12 〉h1,2h2,1 |Φ˜kl〉qA2h2,2 (12)
where
|ψ˜ijkl12 〉 = (I⊗Xk2Z l2)(P1⊗P2)i(Q1⊗Q2)jUClUswap|ψ1〉|ψ2〉
(13)
denotes the post measurement state after the second Bell
measurement, corresponding to the outcome i, j, k, l.
The parties at the nodes A1 and A2 now hold the un-
corrected outputs h1,2 and h2,1, respectively. A1 then
performs X i2Z
j
2P
i
2Q
j
2 on the qubit h1,2 while A2 performs
P k1Q
l
1 on h2,1, sending their measurement outcomes to
the node C2, just as in the protocol in [1].
The parties at the B nodes receive the classical out-
comes i + k and j + l from the corresponding A nodes.
6The party at node B1 can correct the state by perform-
ing X i+k1 Z
j+l
1 on her received qubit and renames it qB1 ,
whereas at node B2, the party performs P
i+k
1 Q
j+l
1 and
renames the qubit qB2 . This completes the protocol.
VI. NECESSITY OF CONTROLLED UNITARY
OPERATIONS
In Sec. III, we showed that global unitary opera-
tions are implementable over the butterfly network in
Hayashi’s setting without adding any extra resources,
if they are controlled-unitary operations. In this sec-
tion, we show that global unitary operations are imple-
mentable over the butterfly network without adding any
extra resources only if they are controlled unitary oper-
ations.
To prove this, we consider the entangling capability
[16] of the butterfly network for creating entangled states
at the output nodes B1 and B2, for a separable input
state given at the nodes A1 and A2. We analyze this
capability in terms of the Schmidt numbers, the number
of non-zero coefficients in the Schmidt decomposition of
a bipartite entangled pure state, of the output states.
For a bipartite unitary operation U , the entangling
capability can be evaluated by examining a four-qubit
entangled state obtained by applying U to two qubits
each of which is maximally entangled with another qubit,
(see Fig. 6). By denoting the two qubits to which U is
applied by tA1 and tA2 , and the corresponding maximally
entangled qubits by rA1 and rA2 , the four-qubit state is
given by
U ⊗ IrA1 ,rA2 |Φ+〉tA1 ,rA1 |Φ+〉tA2 ,rA2 ,
where |Φ+〉tAk ,rAk denotes a maximally entangled state
of the qubits tAk and rAk defined by Eq.(1) for k = 1, 2.
In [15], it is shown that any controlled unitary operation
U = Cu can create an entangled state with Schmidt num-
ber only up to 2, and also that any global operation that
is not locally unitary equivalent to a controlled unitary
operation, which we denote by U 6= Cu, must create an
entangled state with Schmidt number 4.
By applying this result to the unitary operation im-
plemented by the butterfly network, we can say that if
U 6= Cu can be deterministically implemented over the
butterfly network (without adding resources) for a pure
input state |Φ+〉tA1 ,rA1 |Φ+〉tA2 ,rA2 , then we can deter-
ministically create an entangled state shared among the
nodesA1, A2, B1 and B2 with Schmidt number 4 in terms
of the bipartite partition of nodes {{A1, B1}, {A2, B2}}.
Taking the contrapositive, the statement is that if a
pure entangled state shared between the nodes A1, A2,
B1 and B2 with Schmidt number 4 in terms of the bi-
partite partition {{A1, B1}, {A2, B2}} cannot be deter-
ministically created by using the butterfly network with
a pure input state given by |Φ+〉tA1 ,rA1 |Φ+〉tA2 ,rA2 , then
U 6= Cu cannot be deterministically implemented over
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FIG. 6. Comparison of the capability of 2-qubit global uni-
tary operations for creating entangled states. The unitary
operation is applied to the qubits tA1 and tA2 at the nodes
A1 and A2, respectively, each of which is entangled with an-
other qubit rA1 (at the node A1) and rA2 (at the node A2). A
controlled unitary operation Cu can create an entangled state
with Schmidt number only up to 2 (depicted by a single wavy
line), and a global unitary operation U 6= Cu creates one with
Schmidt number 4 (double wavy line).
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FIG. 7. A “collapsed” butterfly network obtained from Fig.
1 by identifying B1 with A1 and B2 with A2, and removing
the outer channels E1 and E2. Each arrow can be chosen to
be a 1-qubit quantum channel or a 2-bit classical channel in
this setting.
the butterfly network. Thus, what we need to show is
the impossibility of deterministically creating an entan-
gled pure state with Schmidt number 4 using the butter-
fly network.
To do so, we investigate the entangling capability of the
butterfly network using the “collapsed” butterfly network
shown by Fig. 7. This collapsed butterfly network is ob-
tained by identifying the nodes B1 with A1 and the nodes
B2 with A2, and removing the outer channels E1 and E2
of the original butterfly network. In this section, we allow
the inclusion of (untransmitted) ancilla qudits (quantum
d-level systems) in order to facilitate general operations
at any node. The channels represented by the remain-
ing edges D1, D2, F , G1, G2 of the collapsed butter-
fly network can be chosen to be either 1-qubit quantum
channels or 2-bit classical channel, following Hayashi’s
setting.
The collapsed butterfly network can be viewed as the
butterfly network with additional resources, namely, free
undirected quantum and classical communication be-
tween A1 and B1, and also between A2 and B2. In the
following, we prove by contradiction that even when we
7use this “stronger” network, it is impossible to determin-
istically create a pure bipartite entangled state shared
between A1 and A2 with Schmidt number 4, given that
the initial state is prepared by a tensor product of pure
states in each node, and there is no entanglement between
the qubits and qudits at different nodes.
In order to arrive at a contradiction, we assume that
by using the collapsed butterfly network with the initial
state |Φ+A1〉|Φ+A2〉 at the nodes A1 and A2, it is possible
to create a final state with Schmidt number 4 between
the qubits at the nodes A1 and A2
|Θ〉 =
3∑
k=0
√
λk|αk〉|βk〉, (14)
where λk are nonzero Schmidt coefficients satisfying∑
k λk = 1 and {|αk〉} and {|βk〉} are orthonormal bases
for the two qubits at the nodes A1 and A2, respectively.
A general protocol for converting the initial state
|Φ+A1〉|Φ+A2〉 into the final pure entangled state |Θ〉 us-
ing the collapsed butterfly network can be described by
the following steps.
1. Performing general operations independently at the
nodes A1 and A2.
2. Transmission of 1 qubit, denoted tA1 , or 2 bits,
denoted cA1 , from the node A1 to C1 using channel
D1, and similarly for tA2 or cA2 from node A2 to
C1 along channel D2.
3. Performing a general operation at the node C1.
4. Transmission of 1 qubit, tC1 , or 2 bits, cC1 , from
the node C1 to C2 using channel F .
5. Performing a general operation at the node C2.
6. Transmission of 1 qubit, tC2 , or 2 bits, cC2 , from
the node C2 to A1 using channel G1, and similarly
for t′C2 or c
′
C2
from the node C2 to A2 along channel
G2.
7. Performing general operations independently at the
nodes A1 and A2.
First, we show that in the steps 2 and 6, both of the
channels D1 and G1 should be used as quantum chan-
nels, not classical channels. By grouping the nodes into
two sets SA1 = {A1} and Srest = {C1, C2, A2}, as shown
in Fig. 8, it is easy to see that both of the channels D1
and G1 should be quantum in order to create a bipartite
entangled state with Schmidt number greater than 2 for
this partition. Since the final state |Θ〉 is a special case of
a bipartite state with Schmidt number 4 in terms of this
partition, both D1 and G1 should be used as quantum
channels. In a similar manner, by introducing the parti-
tion {SA2 = {A2},S ′rest = {C1, C2, A1}}, we can also see
that D2 and G2 should be quantum channels.
This picture also makes it clear that the channels
D1, G1, D2 and G2 should be used for transmitting a
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FIG. 8. The bipartite picture in terms of the partition
SA1 = {A1} and Srest = {C1, C2, A2} of the collapsed butter-
fly network. Black circles denote qubits tA1 transmitted from
A1 using the channel D1 and tC2 transmitted from C2 using
the channel G1.
qubit that is entangled with another qubit (or several
qubits/qudits) kept at the same set of the nodes. Thus,
at step 1, the general operation performed at the node
A1 should not disentangle the qubit to be transmitted,
tA1 , from other qubits and qudits at A1. Similarly, the
qubit tA2 should not be disentangled from node A2.
In general, after step 1, the state at the node A1 can
be a mixed state, that is, it can be a pure state entangled
with an extra ancilla qudit r′A1 at the node A1 as well as
the qubit rA1 , which was initially maximally entangled
with tA1 . The qudit r
′
A1
should be considered inacces-
sible from any node, including A1. However, because
what we want to show in this section is the impossibil-
ity of the transformation from |Φ+A1〉|Φ+A2〉 to |Θ〉 using
the butterfly network, it suffices to show impossibility for
the relaxed situation where we regard r′A1 as accessible
at A1.
When the state at node A1 after step 1 is given by
an entangled state of qubits tA1 , rA1 and a qudit r
′
A1
, it
is always possible to perform a unitary operation WA1
on rA1 and r
′
A1
that transforms the state into a tensor
product of a two-qubitstate of tA1 , rA1 and a qudit state
of r′A1 . Since we can compensate for WA1 by performing
W †A1 on rA1 and r
′
A1
at step 7, we only need to consider
the general operations that map a state |Φ+A1〉 to another
pure entangled qubit state. A similar argument holds for
a general operation at the node A2. In Fig. 9, we show
a schematic picture of the state just after step 2.
Next, we observe that after step 3, but before step 4,
any qubit and qudit at node C2 cannot be entangled with
other qubits and qudits at the nodes A1, A2, and C1. If
the channel F is used as a classical channel at step 4, any
qubit and qudit at the node C2 remains separable from
any other qubits and qudits at the nodes A1, A2, and C1.
If the channel F is used as a quantum channel, a qubit
tC1 is transmitted from C1 to C2. After the transmission,
the qubit tC1 is renamed tC2 . Just before step 5, tC2 can
be entangled with qubits or qudits located outside node
C2, but the rank of the reduced density matrix σtC2 is at
most 2 (see Fig. 10).
In order to derive conditions on the generalized oper-
ations performed at node C2 in step 5, we examine the
protocol from the reverse, and investigate the conditions
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FIG. 9. The schematic picture of the state just after step 2,
having transmitted tA1 and tA2 to C1 using quantum channels
D1 andD2. The black circles represent transmitted qubits tA1
and tA2 and ancilla qubits rA1 and rA2 . Each wavy line rep-
resents the existence of entanglement with Schmidt number
2. The other qubits to be transmitted tC1 , tC2 and t
′
C2
are
also represented by black circles, and ancilla qudits rC1 , rC2
at the nodes C1, C2 are represented by black squares. Arrows
represents channels not used in this step.
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FIG. 10. The schematic picture of the state just before step
5, after transmitting tC1 to C2 using quantum channel F .
Wavy lines represent the existence of entanglement where the
rank of the reduced density matrix σtC2 is at most 2. The
shaded region represents a group of qubits and qudits that
are entangled with the qubit tC2 and the wavy line represents
entanglement with the Schmidt number 2 that gives the rank
of the reduced density matrix σtC2 of at most 2. The qubit
t′C2 and rC2 are not entangled with the qubit tC2 . In this
figure, the unused channels G1 and G2 are not shown.
on general operations performed at the nodes A1 and A2
in step 7. A general operation is described by an instru-
ment [17], which is defined by a set of completely positive
maps, {E(i)}, such that
Tr
∑
i
E(i)(ρ) = 1
for any normalized density matrix ρ. Let us denote the
joint state of qubits tC2 , t
′
C2
, rA1 and rA2 obtained just
after step 6 by ρ˜. Note that in this step, tC2 and rA1
are qubits at the node A1, while t
′
C2
and rA2 are qubits
at A2. We also denote the reduced density matrix of the
qubits at the node A1 by ρ˜A1 = Trt′C2 ,rA2
ρ˜, and that at
the node A2 by ρ˜A2 = TrtC2 ,rA1 ρ˜. Since these are the last
operations in the protocol and no more communication
is allowed, the generalized operation should return the
final pure state |Θ〉 for any outcome i, namely,
E(i)(ρ˜Ak) = p(i)ΘAk ,
where p(i) satisfies ∑
i
p(i) = 1,
and ΘAk is the reduced density matrix of |Θ〉 at the node
Ak. This implies that there exists a completely positive
trace preserving (CPTP) map that transforms ρ˜Ak to
ΘAk , namely,
ΛAk(ρ˜Ak) = ΘAk .
We denote the combination of the CPTP maps at the
nodes A1 and A2 by ΛA1 ⊗ ΛA2 .
We investigate the conditions for the state ρ˜ to be
transformable to the final state |Θ〉 by the CPTP map
ΛA1 ⊗ ΛA2 . In the Appendix, Lemma 1 shows that for
such a transformation to be possible, the state ρ˜ shared
between the nodes A1 and A2 has to be a pure entangled
state |ϕ〉 with Schmidt coefficients equivalent to those of
|Θ〉. Since step 6 only changes the locations of qubits,
the state of qubits tC2 , t
′
C2
, rA1 and rA2 just after step 5
should also be given by the pure state |Θ〉.
If the generalized operation in step 5 is described by
a generalized measurement on the qubits tC2 and t
′
C2
,
then the state after the measurement depends on the
measurement outcomes. However, as we have shown, the
state after step 5 should be given deterministically by
a pure state |Θ〉. Therefore, this operation can also be
described by a CPTP map ΛC2 on the qubits tC2 and
t′C2 .
We denote the density matrix of the qubits tC2 , rA1 and
rA2 just before step 5 by σ. It is sufficient to consider
the qubit t′C2 and (sufficiently large) qudit rC2 in fixed
states both denoted by |0〉. Using a Stinespring dilation,
the action of the CPTP map ΛC2 can be written
[IA1,A2 ⊗ ΛC2 ] (σ ⊗ |00〉〈00|) = TrrC2σ′ (15)
by using a density matrix σ′ for the extended system rA1 ,
rA2 , tC2 , t
′
C2
and rC2 given by
σ′ = (IA1,A2 ⊗ VC2)(σ ⊗ |00〉〈00|)(IA1,A2 ⊗ V †C2) (16)
where VC2 denotes a unitary operation on the qubits tC2
and t′C2 , while |00〉 denotes the fixed joint state of the
qubit t′C2 and qudit rC2 .
Using the density matrices σ and σ′, we define the
reduced density matrix of the qubits tC2 and t
′
C2
and the
qudit rC2 before step 5 by
ρbefore = (TrrA1 ,rA2σ)⊗ |00〉〈00| = σtC2 ⊗ |00〉〈00|,
and that after step 5 by
ρafter = TrrA1 ,rA2σ
′.
We present a schematic picture of this situation in
Fig. 11.
The ranks of ρbefore and ρafter should be the same, since
the two states are related by a unitary operation VC2 on
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FIG. 11. Schematic picture of the situation just after step 5
as required by the situation just after step 4. The CPTP map
ΛC2 on qubits tC2 and t
′
C2
is rewritten by adding ancilla rC2
and performing a unitary operation VC2 . Thus the two shaded
regions form a pure bipartite entangled state with Schmidt
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FIG. 12. Schematic picture of the situation just after step 5 as
required by the situation just before step 6, that is, looking at
the protocol in the reverse direction. The two shaded regions
form a pure bipartite entangled state with Schmidt number 4,
which is represented by the double wavy line, and the rank of
ρafter is 4. Systems irrelevant for analyzing the rank of ρafter
are depicted in gray.
tC2 , t
′
C2
and rC2 . The rank of ρ
before is given by the rank
of σtC2 , which we have shown to be less than or equal to
2, (see Fig. 10). For the case in which the channel F is
used as a quantum channel, therefore, the ranks of ρbefore
and ρafter are both at most 2, (see Fig. 11). For the case
in which the channel F is used as classical channel, we
can always prepare a pure state for the qubit tC2 , and
therefore rank(ρafter) = 1.
On the other hand, from the requirement of the state
of the qubits tC2 , t
′
C2
, rA1 and rA2 to be pure, we obtain
the relationship
σ′ = |Θ〉〈Θ| ⊗ σ′rC2 (17)
where σ′rC2 is a state of qudit rC2 . From this relation,
the rank of ρafter is given by
rank(ρafter) = rank(TrrA1 ,rA2 |Θ〉〈Θ|) · rank(σ′rC2 ).
The rank of the reduced density matrix of the qubits
rA1 and rA2 just after step 2 is 4, since each of the qubits
is entangled with another qubit. After step 2, the rank of
this reduced density matrix remains the same until just
before step 7, since no operation is applied to the qubits
rA1 and rA2 . After step 5, the 4-qubit state of tC2 , t
′
C2
,
rA1 and rA2 should be the pure state |Θ〉, and therefore
the rank of the reduced density matrix of qubits tC2 and
t′C2 is also 4: rank(TrrA1 ,rA2 |Θ〉〈Θ|) = 4, (see Fig. 12).
Since the Schmidt rank of entangled states cannot be
changed by local operations (even probabilistically and
with classical communications [18]), the relationship
k ≥ rank(ρbefore) = rank(ρafter) = 4 · rank(σ′rC2 )
should be satisfied, where k = 1 for the case when F is
used as a classical channel, and k = 2 for the case when
it is quantum. Since rank(σ′rC2 ) ≥ 1, this relation cannot
be satisfied, and our contradiction has been reached.
VII. OPTIMALITY OF OUR PROTOCOL FOR
CONTROLLED UNITARY OPERATIONS
In Sec. III, we presented a protocol for implementing
controlled unitary operations over the butterfly network
where the four channels D1, D2, E1, and E2 are used as
1-qubit quantum channels, F is a 2-bit classical channel,
andG1, G2 are 1-bit classical channels, with no consump-
tion of entanglement. In this section, we show that con-
trolled unitary operations cannot be implemented over
the butterfly network if we change the specifications of
any of these channels, and therefore that the protocol is
optimal in terms of resource usage.
First, we prove that the use of four 1-qubit quantum
channels is necessary. We consider the situation where
the inputs at the node A1 and A2 are parts of maxi-
mally entangled states within the nodes, namely, the in-
put state is given by |Φ+〉tA1 ,rA1 |Φ+〉tA2 ,rA2 . By denoting
the qubits representing the outputs by r′B1 and r
′
B2
, the
final state of the protocol for implementing U over the
butterfly network is given by(
U ⊗ IrA1 ,rA2
) |Φ+〉r′
B1
,rA1
|Φ+〉r′
B2
,rA2
.
This state has Schmidt number 4 between the partition
of the nodes {{A1, A2}, {B1, B2}}. The Schmidt number
between the partition of the nodes {{A1, B1}, {A2, B2}}
is 2 for the case of U = Cu, as we have shown in the
previous section.
To create a pure entangled state with Schmidt number
4 between the bipartite partition from a tensor product
of pure states at the input nodes using a quantum net-
work, at least two quantum channels should connect the
set including the nodes A1 and A2 and the set including
B1 and B2. To create an entangled state with Schmidt
number 2, at least one quantum channel should connect
the set including the nodes A1 and B1 and the set in-
cluding the nodes A2 and B2. The final state of nodes
C1 and C2 are arbitrary, so we take the state requir-
ing the least amount of resource, namely, a pure product
state. Then the nodes C1 and C2 can be included in any
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bipartite partition we like. The condition for the num-
ber of connections between the sets of nodes required by
the Schmidt number should be satisfied for all of these
inclusions of C1 and C2. It is not hard to see that if we
use only three quantum channels, a final state with the
required Schmidt number cannot be achieved. Thus, at
least four quantum channels are necessary.
Second, we show that the four quantum channels
should be D1, D2, E1, and E2. It is also straightforward
to see that each input and output node A1, A2, B1, and
B2 should be connected to at least one quantum channel,
otherwise we cannot maintain entanglement of the final
state. If E1 is not chosen as a quantum channel, then D1
and G1 should be quantum channels. However, in this
case, we can never achieve the final state no matter how
we assign the other two quantum channels. Therefore,
E1 should be used as a quantum channel and similarly,
so should E2. Assignment of the remaining two quantum
channels is thus narrowed down to the pairs {D1, D2} or
{G1, G2}.
We can exclude the pairs {G1, G2} by the following ar-
gument. If we choose G1 and G2 to be quantum channels
D1 and D2 must be used as classical channels in order
to not exceed our resource limit. To satisfy the Schmidt
number requirement, one of the qubits in an entangled
state |Ψ〉 at C2 should be sent by G1 and the other by
G2. Now we consider two arbitrary inputs, |ψ1〉 at node
A1 and |ψ2〉 at A2, given for the collapsed butterfly net-
work introduced in Sec. VI. If Cu can be implemented
over the original butterfly network, it should also imple-
mentable over the collapsed butterfly network. Imple-
mentation over the collapsed network can be regarded as
LOCC implementation of Cu assisted by entanglement
given by |Ψ〉. However, entanglement-assisted determin-
istic LOCC implementation requires two-way communi-
cation between the nodes [19], therefore, implementation
of Cu is not possible if we use G1 and G2 as quantum
channels. Thus, D1 and D2 should be used as quantum
channels in addition to E1 and E2.
Third, we show that the channel F should be a 2-bit
classical channel and cannot be a 1-bit classical channel.
We show this by contradiction. Assume that only 1 bit
of classical communication is necessary over the chan-
nel F . Then it is also possible to implement Cu over
the collapsed butterfly network. Because the channels
F , G1 and G2 are now all at most 1-bit classical chan-
nels, and the final state is an entangled state between
the nodes A1 and A2 in general, the channels D1 and
D2 in Fig. 7 cannot be used to send separable states —
the transmitted qubits tA1 and tA2 are parts of entan-
gled states, which can be written as |Ψ1〉tA1 ,rA1 ,r′A1 and
|Ψ2〉tA2 ,rA2 ,r′A2 , where r
′
A1
and r′A2 are qudits used for
purification.
Since only 1-bit classical communication is allowed,
the general measurement performed at the node C1 can
be simulated by a two-outcome POVM described by
{Π0,Π1 = I − Π0} on a two-qubitstate, which is a part
of the entangled states denoted by |Ψ1〉tA1 ,rA1 ,r′A1 and
|Ψ2〉tA2 ,rA2 ,r′A2 . The implementability of Cu over the col-
lapsed butterfly network implies that the reduced state
of qubits rA1 , rA2 and qudits r
′
A1
, r′A2 after the operation
at node C1 given by
TrtA1 ,tA2 [(I⊗Πj) |Ψ1〉〈Ψ1| ⊗ |Ψ2〉〈Ψ2|] (18)
should be a pure state. In order to obtain a two-
qubitpure state by applying a general measurement on
|Ψ1〉〈Ψ1| ⊗ |Ψ2〉〈Ψ2|, the rank of each POVM element
Πj (j = 0, 1) should be 1. But such a POVM does not
exist for a two-outcome POVM on the four dimensional
Hilbert space of two qubits. Therefore, our assumption
was wrong and F should be a 2-bit classical channel.
Finally, we show that the channels G1 and G2 should
be 1-bit classical channels. If we remove one of the chan-
nels G1 and G2, say G1, the conditional operation at
the node B1 is no longer possible. A measurement is
performed at the node C2 and the state after the mea-
surement is changed depending on the outcome. If the
state after the measurement is not a maximally entangled
state, it is not possible to transform the state of qubits
at the nodes B1 and B2 to be a pure state by just per-
forming operations at the node B1. Therefore, both of
the channels G1 and G2 should be used as 1-bit classical
channels and cannot be removed.
We note that if we constrain the inputs to be specific
states, and the angle θ of Cuθ to be a certain angle, use
of one of the channels G1 or G2 is not necessary, while
the other is used as a 2-bit classical channel. This hap-
pens when the state just before the final operations at
the nodes B1 and B2 is maximally entangled and the op-
erations at B1 and B2 are given by conditional unitary
operations, since performing a local unitary operation Ui
on the one of the qubits of the maximally entangled state
is equivalent to performing the transposed unitary oper-
ation UTi on the other qubit.
VIII. SUMMARY AND DISCUSSIONS
In this paper, in order to investigate distributed quan-
tum computation under restricted network resources, we
introduce a quantum computation task over the butterfly
network where both quantum and classical communica-
tions are limited. We have studied protocols implement-
ing two-qubitunitary operations over a particular but-
terfly network introduced in [1] by showing several con-
structions: We have shown that unitary operations can
be performed without adding any entanglement resource,
if and only if the unitary operations are locally unitary
equivalent to controlled unitary operations. Our protocol
is optimal in the sense that the unitary operations can-
not be implemented if we relax the specifications of any
of the channels. We constructed a protocol for the case
where one of the inner channels of the butterfly network is
severely restricted in that it only allows one bit of classi-
cal information to be sent. We also presented a modifica-
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tion of Hayashi’s protocol that implements global Clifford
operations over the butterfly network.
Our constructions show that by taking an appropriate
coding, we can perform global unitary operations on spa-
tially separated inputs and distribute the outputs at the
same time, even when restricted to a network where the
quantum channel connecting inputs and outputs is both
directed and bottlenecked. Depending on the cost of re-
sources in a given physical realization of the network, the
coding varies. In addition, by studying the implementa-
tion of Clifford operations on the butterfly network, we
also see the different characteristics of quantum and clas-
sical information, where the latter can be “compressed”
and sent through the bottleneck whereas the former can-
not. In the bigger picture, results like these are the first
steps toward developing a theory of network quantum re-
source inequalities, which formalizes such tradeoffs in the
more complicated network scenario, beyond the standard
resource inequalities [9].
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APPENDIX: LEMMA 1 AND ITS PROOF
The following lemma is required in the proof of neces-
sity in Sec. VI. The lemma and the proof are general
for d-dimensional qudit systems, but in Sec. VI, only the
case of d = 2 is employed.
Lemma 1 If there exists a tensor product of a CPTP
map on the Hilbert space HA1 = Cd ⊗Cd at the node A1
denoted by ΛA1 and another CPTP map on the Hilbert
space HA2 = Cd ⊗ Cd at the node A2 denoted by ΛA2
satisfying
[ΛA1 ⊗ ΛA2 ] (ρ) = |Θ〉〈Θ| (A.19)
for ρ ∈ S(HA1 ⊗HA2) and |Θ〉 ∈ HA1 ⊗HA2 given by
|Θ〉 =
d2−1∑
k=0
√
λk|αk〉|βk〉, (A.20)
where λk 6= 0 are Schmidt coefficients, and {|αk〉}, {|βk〉}
are orthonormal bases of HA1 and HA2 , respectively, then
ρ must be a pure entangled state with Schmidt coefficients
equal to those of |Θ〉 with respect to the partition defined
by HA1 ⊗HA2 .
Proof: We denote the two qudits at the node A1 by t1,
r1, and the two qudits at the node A2 by t2 and r2. A
decomposition of ρ is given by ρ =
∑
i pi|ϕi〉〈ϕi|, where
0 ≤ pi ≤ 1 for all i,
∑
i pi = 1, and {|ϕi〉} is a basis ofHA1 ⊗HA2 . Since the right hand side of Eq. (A.19) is a
pure state, it must be that
[ΛA1 ⊗ ΛA2 ] (|ϕi〉〈ϕi|) = |Θ〉〈Θ| (A.21)
for all i. Since |Θ〉 on the right hand side of Eq. (A.19)
is a pure state with Schmidt number d2, which is maxi-
mal for a bipartite cut of a 4-qudit entangled state, and
the CPTP map ΛA1 ⊗ ΛA2 cannot increase the Schmidt
number, each state |ϕi〉 ∈ HA1 ⊗ HA2 must be a pure
state with Schmidt number d2.
Using a Stinespring dilation, we rewrite the CPTP
map ΛA1 ⊗ ΛA2 by adding ancilla qudits r′1 in a state
|ξ1〉 ∈ H′A1 = Cd
′
at node A1 and another ancilla qudit
r′2 in state |ξ2〉 ∈ H′A2 = Cd
′
at the node A2, perform-
ing unitary operations VA1 on HA1 ⊗ H′A1 and VA2 onHA2 ⊗ H′A2 , and tracing out the ancilla degrees of free-
dom, (it is enough to consider d2-level ancillas). Then
Eq. (A.21) is transformed to
Trr′
1
,r′
2
VA1 ⊗ VA2 (|ϕi〉〈ϕi| ⊗ |ξ1〉〈ξ1| ⊗ |ξ2〉〈ξ2|)V †A1 ⊗ V
†
A2
= |Θ〉〈Θ|. (A.22)
This means that before performing partial trace opera-
tions in Eq. (A.22), the following relation should be sat-
isfied
VA1 ⊗ VA2 |ϕi〉|ξ1〉|ξ2〉 = |Θ〉|Ξi〉, (A.23)
where |Ξi〉 ∈ H′A1 ⊗H′A2 .
We have already shown that each |ϕi〉 is an entangled
state with Schmidt number d2 (in terms of the systems
A1 and A2). Since the state of the two ancilla qudits
|ξ1〉|ξ2〉 in the left hand side of Eq. (A.23) is separable,
and VA1 ⊗VA2 is a separable unitary operation, the right
hand side of Eq. (A.23) must have Schmidt number d2,
and thus, |Ξi〉 should be a pure product state. We denote
|Ξi〉 = |ci〉|di〉. Because the Schmidt coefficients λk are
invariant under VA1 ⊗ VA2 , the Schmidt coefficients of
|ϕi〉 should be equal to those of |Θ〉. Thus we denote the
Schmidt decomposition of |ϕi〉 using the same Schmidt
coefficients defined in Eq. (A.20) by
|ϕi〉 =
d2−1∑
k=0
√
λk|aik〉|bik〉 (A.24)
where {|aik〉} and {|bik〉} are bases of HA1 and HA2 , re-
spectively, for all i.
We consider the state at node A1 obtained by the par-
tial trace of the state given by Eq. (A.23) over the systems
t2, r2 and r
′
2 at node A2. By using the Schmidt decom-
positions given by Eqs. (A.20) and (A.24), we obtain
VA1
(∑
k
λk|aik〉〈aik| ⊗ |ξ1〉〈ξ1|
)
V †A1
=
∑
k
λk|αk〉〈αk| ⊗ |ci〉〈ci|. (A.25)
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To handle any degeneracy of the Schmidt coefficients,
we rewrite the bases {|aik〉} and {|αk〉} by {|ail,m〉} and
{|αl,m〉}, respectively, where l specifies the value of the
Schmidt coefficient, and m specifies the degeneracy. Us-
ing these notations, the identity operators for the Hilbert
space HA1 can be written by
IHA1
=
∑
k
|aik〉〈aik| =
∑
l
∑
m
|ail,m〉〈ail,m|, (A.26)
for all i, and also
IHA1
=
∑
k
|αk〉〈αk| =
∑
l
∑
m
|αl,m〉〈αl,m|. (A.27)
In this new notation, Eq. (A.25) is written
VA1
(∑
l
λl
∑
m
|ail,m〉〈ail,m| ⊗ |ξ1〉〈ξ1|
)
V †A1
=
∑
l
λl
∑
m
|αl,m〉〈αl,m| ⊗ |ci〉〈ci|. (A.28)
Since {|ail,m〉} and {|αl,m〉} are bases and λl 6= 0 is guar-
anteed for all l, we obtain
VA1
(∑
m
|ail,m〉〈ail,m| ⊗ |ξ1〉〈ξ1|
)
V †A1
=
∑
m
|αl,m〉〈αl,m| ⊗ |ci〉〈ci|. (A.29)
Now we consider an operator K independent of the
index i defined by
K = VA1
(
IHA1
⊗ |ξ1〉〈ξ1|
)
V †A1 . (A.30)
Using Eqs. (A.26) and (A.29), we have
K = VA1
(∑
l
∑
m |ail,m〉〈ail,m| ⊗ |ξ1〉〈ξ1|
)
V †A1
=
∑
l
∑
m |αl,m〉〈αl,m| ⊗ |ci〉〈ci|
= IHA1 ⊗ |ci〉〈ci|. (A.31)
The operatorK should be independent of the index i, and
therefore, we can take |ci〉 = eiδ′i |c〉 where δ′i denotes an
i-dependent phase factor. Arguing similarly for the state
at node A2 obtained as a partial trace of the state given
by by Eq. (A.23), we can conclude that |di〉 = eiδ′′i |d〉.
Thus, Eq. (A.23) is now given by
VA1 ⊗ VA2 |ϕi〉|ξ1〉|ξ2〉 = eiδi |Θ〉|Ξ〉, (A.32)
where δi = δ
′
i + δ
′′
i .
Taking the inner product of VA1 ⊗ VA2 |ϕi〉|ξ1〉|ξ2〉 and
VA1 ⊗ VA2 |ϕj〉|ξ1〉|ξ2〉 for j 6= i, we obtain 〈ϕj |ϕi〉 =
ei(δi−δj). This relation indicates that |ϕi〉〈ϕi| = |ϕj〉〈ϕj |
for all i and j. Hence, ρ =
∑
i pi|ϕi〉〈ϕi| turns out to
be a mixture of the same state, and ρ = |ϕ〉〈ϕ| is a pure
state with Schmidt coefficients equal to those of |Θ〉.
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